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Abstract 

Given a Finsler structure (M, F) on a manifold M, a Riemannian 
structure (M, h) and a family of affine connections V(t) on M are 
defined. They are obtained as the "averaged" of the Finsler structure 
g and a specified linear connection in the bundle 7r*TM. The curvature 
of the averaged connection is expressed in terms of the curvature of the 
initial connection. The relation between geodesic rigidity in Finsler as 
well as Riemannian geometry are discussed. The Christoffel symbols of 
the Levi-Civita connection of h are directly calculated from the average 
metric h. As an application we obtain a rigidity result on Landsberg 
spaces. A generalized Chern-Gauss-Bonnet theorem is proved. Al these 
results motivates the notion of convex invariance. This notion is briefly 
introduced and motivated by the above results. 
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1 Introduction 



1.1 Motivation 

Physical Motivation 

The dynamics at tiie Planck scale is up to now unknown. There is plenty 
room for bast speculations. Let us consider the most heterodox one: Let us 
assume that the dynamics at this scale can be described as a discrete, de- 
terministic physical system. Then, the state of the system at the instant t is 
described by a point or a finite region in the phase space T*TM, where M is 
the "configuration manifold" , TM the tangent bundle and T*TM the dual 
bundle of the tangent bundle. The dynamics of the system is determined by 
a Hamiltonian function H : T*TM — > R through the associated Poisson 
structure. In references [4] and [11] is described the relation between the 
Hamiltonian function of a deterministic system and a geometric construc- 
tion involving some special type of Finsler structures called Randers spaces. 
Using them one construct the Hamiltonian function as the difference 

Ut = Ft{u,pu) - Ft{u, -pu), (1.1) 

being F{u,pu) the Finsler function living in T*TM (in this context u G 
TM and Pu G T*TM). This Hamiltonian function incorporates the idea 
of a fundamental time arrow at a fundamental level of physical description, 
promoting irreversible evolution as a fundamental property of the dynamical 
systems at the Planck's scale. Actually, this is the main justification of the 
above hamiltonian function, together that has a geometric character and 
therefore is independent of the coordinates system used to define it. 

The type of models obtained are consistent if the Hamiltonian operator 
evolves in such a way that after a long time evolution compared with the 
maximal value of the internal time the Hamiltonian corresponds with a no- 
tion of distance in TM associated with the averaged Finsler structure. That 
means that for every sub-system have associated a characteristic internal 
time, such that a complete evolution is performed. Therefore, ergodicity 
is assumed in this internal evolution. Indeed, the Hamiltonian H is not 
conserved and eventually vanish and them the system is instantaneously in 
equilibrium. The action of the exterior system promotes again a new internal 
evolution and the process is again repeated. The picture is like a vortex in a 
fluid, that evolves preserving the macroscopic form, although the individual 
particles that form it changes. The role of the individual detailed evolution 
is given by the Hamiltonian function (1.1), while the "macroscopic shape" 
is given by the averaged Hamiltonian. The averaged Hamiltonian provides 
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the generator function for translations along the external time. 

For the entire universe, the period where the system full-fill a complete 
evolution is very short, which means that we have an universal equilibrium 
time by hypothesis of the order of the Planck time. For small sub-systems 
these periods are larger. Although this sound counterintuitive, the reason is 
that for a whole universe, the number of degrees of freedom is rather large 
while the number of available states is small (there is only one universe); for 
a sub-system the number of degrees of freedom is smaller (even we assume 
it is large) and the number of possible states is large. This suggests the 
following relation (also suggested elsewhere [15]), 



For a finite universe, the energy is very large but finite; for a elementary 
sub-system, the energy is small and the period larger. This averaged Finsler 
structure is Riemannian and the associated total Hamiltonian is equal to 
zero. This must be the case for theories where microscopic parametric time 
"t" is a gauge degree of freedom, associating the total null-Hamiltonian with 
the generator of time-translations. That it should be zero can be surprising, 
but we should not forget we are theoretically describing the whole universe 
as a deterministic system in equilibrium. Therefore any stable state of the 
whole universe is an eigenstate with zero energy of the Hamiltonian. 

After the internal evolution along the "internal or microscopic time" 
t, a natural division between matter (possibly including graviton, that is 
particles of spin 2) and gravity appears ([4]), because it is different the 
definition of the Hamiltonian after the averaged, that is the Hamiltonian 
after a "long internal term" t evolution H^^ = Ft{u,Pu) — Ft{u, —pu), being 
T the period for t. It is zero because the final structure Ft is Riemannian 
and therefore is a reversible Finslerian metric. However the averaged of the 
Hamiltonian < Ft{u,Pu) — Ft{u, —pu) > is a priori different than zero and 
can be associated with the Hamiltonian for matter in equilibrium at time 
t. Quantization of this Hamiltonian makes sense. This fact is interpreted 
as the formation of structures, associated with quantum states as a results 
of the "long term average" . Meanwhile the total Hamiltonian for the whole 
universe is decomposed in the following way, 

= / i'Hmatter+'Hgravity)=<Fo{u,Pu) — Fo{u,—pu)>+ / Ti- gravity = 

Jtm JTo^m 



Energy := h 



1 



(1.2) 



Period 
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This formulation uses "local" densities Hmatter + 'Hgravity living on T^M. 

Finally, wc should mention that the relation between the Hamiltonian 
function and the Randers structure is not only natural, but also provides 
a solution of an important problem of the Hilbert space formulation of the 
dynamics of deterministic systems proposed by G. 't Hooft([5],[6]). Therefore 
for this particular application, the relevant level of mathematical structure 
is the metric category because the Hamiltonian is defined at the metric 
level and because the Quantum States are obtained as average of metric 
structures ([11]). 

Mathematical Motivation 

The introduction of Finsler Geometry by Riemann (or better, his disre- 
garded of this geometry) has been a handicap for the historical development 
of the geometry. Indeed, the original argument is that Finsler geometry is 
much more complicated and does not produce much more insight to the ge- 
ometric problems. In addition, there are a lot of results in Finsler geometry 
that are essentially Riemannian. 

It seems that it is important to know which results are Riemannian from 
which results are purely Finslerian. We think that we partially we solve this 
problem in the following way. Given a Finsler structure, there are several 
relevant geometric structures that prescribed by the Finsler structure plus 
additional conditions on the "torsion". Differential Geometry refers to the 
properties of the manifold M that can be extracted from connections, that 
is, using covariant differential methods. Therefore, in the case of Finsler Ge- 
ometry, the existence of these connections is fundamental. Unfortunately, 
the connections extracted from them are more complicated than in the Rie- 
mannian case, even that the ordinary affine space. Therefore, it is useful 
to obtain an affine connection that contains more of the information of the 
original connection. This is arguably achieved by the averaged connection 
presented in this paper. The class of averaged connections that we will deal 
with are affine connections and in general non- Riemannian. Indeed, they 
are in general non-metrizable. However, most of the properties that are 
not associated with the definition of a Levi-Civita, but with an affine con- 
nection will remain invariant in Finsler Geometry. Therefore, the study of 
the averaged connection and its associated curvatures can bring light on the 
understanding of Finsler Geometry. 

In this context, there are properties that will remain the same and other 
which will be essential new. Between the fists, links between Finsler structure 
an topological properties of the manifold are the most natural candidates, 
while in the second class, properties related with the irreversible character 
of the metrics are the most pro-eminent candidates. 
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We should remark that being not a direct hnk between Finsler and Rie- 
mannian at the connection level, our theory can not provided a complete 
solution to the problem of characterize the difference between Rieniannian 
and Finsler. However there is a case (Berwald spaces) where our results 
become more productive. 

This paper has being written during the last four years, with multiple 
versions and subversions. The author would like to apologize for that and 
declare that the present version (with its possible mistakes) is what the 
author consider the final version. 

1.2 Description of the paper 

The present paper is concerned with the construction of the basic math- 
ematical tools that we used in the above programs. The construction of 
the averaged Riemannian metric is natural and they could be useful to un- 
derstand the geometric meaning of Finsler structures. The hypothesis is 
that given a family of Finsler structures, there is associated an "optimal" 
Riemannian structure. The meaning of optimal is in some sense depend- 
ing of the case. However, using Cartan's theorem on the center of mass of 
distributions, our Riemannian metric is structure is optimal. 

Generalizations of the Riemannian geodesic rigidity to the finslerian case 
are described. A Chern-Gauss-Bonnet type theorem is also obtained. 

The theory developed in this work can be relevant in the solution of a 
classical problem in Finsler geometry: to decide if there are essential Lands- 
berg spaces. We present a rigidity result on Landsberg spaces in the present 
paper. They are obtained as consequence of this general property that we 
called convex invariance. 

The fundamental content of the work is the following. Let M be a n- 
dimensional, real, smooth manifold and let us consider a Finsler structure 
(M.,F). A Riemannian structure (M, /i) is obtained "averaging" the initial 
Finsler structure (M, i^"). The average operation can be extended to other 
operators over sections of FM in such way that, for instance we can average 
the initial Chern's connection (indeed a similar construction holds for any 
linear connection in the vector bundle 7r*TM). In the general case, it is not 
the Levi-Civita connection of h, but it contains relevant information from 
the initial structure in a linear connection living on M. We study the parallel 
transport and curvature endomorphism of the average connection. We can 
also compare explicitly this connection with the Levi-Civita connection of 
h, because we know the components of the metric h in terms of the initial 
structure F. 
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The applications of this formaHsm contained in this work is the following. 
First we related the notion of geodesic eqiiivalence in Finsler geometry with 
the corresponding notion in the Rieniannian case. We restrict our selves 
to the case of Berwald spaces. Also in this category, we give a criterion 
for being a Berwald space. Finally, we provide a generalization to Berwald 
spaces of arbitrary dimension of the Chern-Gauss-Bonnet theorem. 

In Section 3, we explain the measure used for the integration of sections 
of the vector bundles 7r*rM over the split tangent bundle N = TM \ {0}. 
With this measure we obtain the Riemannian structure (M, h) from the 
initial Finsler structure (M, F) performing an "average" on the indicatrices 
la;, Vx G M. 

In Section 4 we perform the construction of the average linear connection 
V. We also have completed this result with the calculation of the parallel 
transport operator and curvatures of V in terms of the corresponding oper- 
ations associated to the Chern connection V and comparing the Holonomy 
groups Holiy) and V. These results are also valid for generic linear con- 
nection on 7r*TM. 

In section 5, we apply the construction of Section 3 to Berwald spaces, 
showing that in this case, for hyperbolic manifolds, the average connection 
of the Chern connection V is the Levi-Civita of the average Riemannian 
metric h. 

In Section 6 the Christoffel symbols of the Levi-Civita connection of 
(M,/i) are obtained. This formula is used to prove that C^-Landsberg struc- 
tures, when additional conditions hold, are Berwald spaces. In particular we 
prove Theorem 5.2, being a rigidity result on Landsberg spaces. This is an 
example of an application of the "convex invariance method" . 

In section 7, we proof a generalized Gauss-Bonnet-Chern theorem for 
arbitrary ri-dimensional Berwald spaces. 

In section 8, based on above examples, the notion of convex invariance 
is introduced briefly and motivated for some examples of the present work 
and additional results and ideas developed elsewhere. 
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2 Definitions and notation. The Chern connection 
and other Connections 



Let {x, U) be a local coordinate system over a point x G M, where x & U 
have local coordinates (x^, x"), U C M is an open set and TM is the 
tangent bundle of the manifold M. We use Einstein's convention for up and 
down equal indices in this work if the contrary is not directly stated. 

A tangent vector at the point x G M is denoted by y^-^ G Ta;M, G 
R. We also denote by TM the set of sections of the tangent bundle. We 
can identify the point x with its coordinates (x^, x") and the tangent 
vector y £ T^^M at x with its components y = (y^ , ...,y'^). Then each 
local coordinate system (x, U) on the manifold M induces a local coordinate 
system on TM denoted by U) such that y = G T-^M has local 

natural coordinates (x^, x", y^, y") in this coordinate system. The spilt 
tangent bundle is tt : N — ^ M such that N = TM \ 0. 

Definition 2.1 A Finsler structure F on the manifold M is a non-negative, 
real function F : TM — ^ [0, oo[ such that 

1. It is smooth in the split tangent bundle N. 

2. Positive homogeneity holds: F{x,Xy) = XF{x,y) for every A > 0. 

3. Strong convexity holds: the Hessian matrix 

l d^F^ix,y) 

9ij{x,y):=^ (2.1) 

is positive definite in N. 

Usually we will also denote by a Finsler structure the pair (M,F). The 
minimal smoothness requirement for the Finsler structure is function 
F : N — > R"*", when second Bianchi identities are required to exists; more 
generally only differentiable structure is required. The matrix gij{x,y) 
is the matrix-components of the fundamental tensor g. The homogeneity 
condition can be stronger: F{x,Xy) = |A|F(x,y). In this case (M, F) is 
called absolutely homogeneous Finsler structure. 

Definition 2.2 ([2]) Let (M, F) be a Finsler structure and (x, y, U) a local 
coordinate system induced on TM from the coordinate system (x,U) o/M. 
The components of the Cartan tensor are defined by the set of functions: 



^ijfe = ^|^' i,j,k = l,...,n. (2.2) 
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These coefficients are homogeneous of degree zero in {y^, y"). In the Rie- 
mannian case Aij/. are zero, and this fact characterizes Riemannian geometry 
from other types of Finsler geometries. 

Because the components of the fundamental and the Cartan tensor de- 
pend on the vector y G Ta;M, it is natural to use other manifold instead 
of M in order to study their properties. A natural construction is the fol- 
lowing([2]): consider the vector bundle 7r*TM, pull back of TM by the 
projection tt defined by: 

TT : N — > M, u — > X, u eN, X eM. 

7r*TM has base manifold N, the fiber over the point u G N with coordinates 
(x, y) is isomorphic to T^jM for every point u G 7r~''^(x) and the structure 
group is isomorphic to GL(n,R). 

An alternative treatment of Finsler geometry uses the fact of the homo- 
geneity properties. In fact, for positive homogeneous metrics, one can study 
the geometry of the analogous pull-back but on the base manifold being the 
sphere bundle. The sphere bundle SM is defined as follows. Consider the 
manifold N and the projection tt given by: 

TTs : N ^ SM, (x, y) (x, 

\\y\\E 

is the Euclidean norm in T^IVI. An equivalence class [yo] i^ determined 
by the set of points in Ta,M, [yo] := {(x, y) | y = Ayo, VA > }. SM is a fiber 
bundle over the manifold M, with fiber over the point x G M homeomorphic 
to the sphere S""^ and with projection 

TT : SM — > M, (x, [y]) — >■ x. 

Then, one can construct as before the pull-back bundle 7r*TM as before. 
If the structure F is absolutely homogeneous of degree zero, then one can 
define the projective bundle, where similarly to the sphere bundle is defined 
as 

^5 : N ^ PTM, (x, y) (x, [y]), 

defining the equivalence class as [y] := {(x,y) | y = Ay„, VA ^ 0} 

The matrix coefficients (^gij{x,y)) are also invariant under a positive 
scaling of y and therefore they live in SM. The Cartan tensor components 
Aijk also live in SM, if they are defined according to the above formula. If F 
is absolutely homogeneous rather than positive homogeneous the coefficients 
gij and Aij^ live in PTM, the projective tangent bundle. PTM is defined 
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in a similar way as SM but the projection also sends y and —y to the same 
equivalence class [yo]. 

7r*SM is a natural framework to study Finsler geometry. Nevertheless 
it is equivalent to work in the bundle 7r*TM if in the last case we work 
explicitly with invariant objects under the scaling y Xy, A > 0, because 
then the operations are indirectly performed on objects living in SM and the 
results are also living on SM, when the operators are conveniently defined. 



2.1 The Non-Linear connection 

There is a non-linear connection in the manifold N defined in the following 
way. Firstly we introduce the non-linear connection coefficients, defined by 
the formula 

N^- . y^ 

= ^)kj^ - ^]klrsj;j;^ hj,k,r,s = l,...,n 

where the formal second kind Christoffel's symbols defined in local 

coordinates by the expression 

•7 -7 AT? 

^j'fc = g Aijk and g gij = Sj. Note that the coefficients are invariant 
under the scaling y Xy, X G R"*", y G Ta;M. 

Let us consider the local coordinate system (x, y, U) of the manifold TM. 
A tangent basis for T^N, w G N is defined by the vectors([2]): 

_6_ _6_ d d 

The set of local sections {^frU; -^\u, u £ 7r~^(a;), x G U} generates the 
local horizontal distribution "Hu-, while u G 7r~^(x), x G U} 

the vertical distribution Vu- The subspaces V„ and Hu are such that the 
following splitting of T^N holds: 

T„N = V„ e V n G N. 

This decomposition is invariant by the action of GL(n, R) and it defines a 
non-linear connection (a connection in the sense of Ehresmann([3])) on the 
principal fiber bundle N(M, GL(n, R)). 
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The local basis of the dual vector space T* N, « G N is 

\UJy lU)"-)"-^ \U1 p |U) •■•) p \uS-i 

^r\u = j{dy' + iV,W)U, i,i = 1, ...,n. 

This basis is dual of the basis for T^jN considered before. 

The covariant splitting T„N = ® Ti-u is equivalent to the existence 
of the non-linear connection and allows to define the Riemannian metric on 
the manifold N as 

9N = 9ijdx' (8) dx^ + <^ hj = 1, 

known as Sasaki-type metric. With respect to this metric, the horizontal sub- 
space spanned by the distributions {-^, j = 1, ...,n} is orthogonal respect 
the distribution developed by j = 1, ...,n}. 

2.2 The Chern connection and the relation with other rele- 
vant connections 

The non-linear connection provides the possibility to define an useful geomet- 
ric tool as it is the Chern connection. Let us consider xGM,uGTa;M\{0} 
and ^ G Tj;M. We define the canonical projections 

TT : N — > M, u — > X, 
TTi : N X TM — s- N, {u, Cx) — > u, 
7r2 : N X TM ^ TM, {u, Cx, 

with u G Tr^^{x),x G M. Then the vector bundle 7r*TM is completely 
determined as a subset of N x TM by the equivalence relation defined in 
the following way: for every u G N and (u,^) G 7r^^(tt), 

(u,^)G 7r*TM iff 7ro7r2(u,0 = 7r('u). 

7r*TM C TM x N and the projection on the first and second factors are 
also denoted by 

TTi : 7r*TM — > N, {u, — > u, 

TT2 : TT*TM TM, {u, ^ 

with ^ G 7ri^{u). We can define in a similar way the vector bundle 7r*SM 
over SM, with tt : SM — > M in case of positive homogeneous Finsler 
structures or over PTM : — > M in case of absolutely homogeneous Finsler 
structures. 
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Definition 2.3 Let (M, F) be a Finsler structure. The fundamental and the 
Cartan tensors are defined in the natural local coordinate system (x, y, U) hy 
the equations: 

1. Fundamental tensor: 

g(x, y):=- \ ■X''.^^ dx' ® dx^ . (2.3) 

2. Cartan tensor: 

A{x, y) := %■ ® dx^ ® dx^ = Aijk <8) dx^ (g) dx''. (2.4) 

2 oy r r 

The Chern connection V is determined through the structure equations for 
the connection 1-forms as follows ([2]), 

Theorem 2.4 Let (M, F) be a Finsler structure. The vector bundle 7r*TM 
admits a unique linear connection characterized by the connection 1-forms 
{ujj, i,j = 1, ...,77,} such that the following structure equations hold: 

1. "Torsion free" condition, 

d{dx') - dx^ A = 0, i, j = 1, ...,n. (2.5) 

2. Almost g- compatibility condition, 

Sy^ 

dgij - 9kjwf - gikWj = 2Aijk — , i,j, k = 1, ...,n. (2.6) 

Torsion freeness condition is equivalent to the absence of terms containing dy^ 
in the connection 1-forms and also implies the symmetry of the connection 
coefHcients r^;,([2]): 

wi = r%dx\ r% = rij. (2.7) 

Torsion freeness condition and almost gi-compatibility determines the expres- 
sion of the connection coefficients of the Chern connection in terms of the 
Cartan and fundamental tensor components ([2]). 

Following theorem 2.4, there is a coordinate-free characterization of the 
Chern connection. Let us denote by V{S) the vertical and by H{S) the hor- 
izontal components of a tangent vector X G T^^N defined by the non-linear 
connection on N. Then the following corollaries arc immediate consequences 
of Theorem 2.4 and will be used in Section 4 for the canonical construction 
of the average connection. However instead of describing directly the con- 
nection V, we describe the associated covariant derivative Vx, X G T^jN in 
the following way: 
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Corollary 2.5 Let{'M.,F) he a Finsler structure. The almost g- compatibility 
condition (2.6) is equivalent to the conditions: 

Vvix)9 = 2A{X,;-), (2.8) 

Vi/(x)5 = 0. (2.9) 

Proof: Using local natural coordinates and reading from theorem 2.4, we 
have that the covariant derivative of the metric is 

Si 1^ 

V(5f) = {dgij - gkjwf - gikw'^)Tr*e' Tr*e^ = 2Aijk— ® 7r*e* Tr*e>. 

By the definition of covariant derivative along a direction and nothing that 
"^Aiji-^r- is vertical, one gets, 

Vs(<7) := 2AijJ-^{x)7r*e' ® 7^*e^ Vx G TN. 

Prom this formula follows the result. □ 

Corollary 2.6 Let (M, F) be a Finsler structure. The torsion-free condi- 
tion (2.5) is equivalent to the following conditions: 

1. Null vertical covariant derivative of sections o/7r*TM.- let X € TN 
and Y e TM, then 

Vy(x)^*^ = 0- (2-10) 

2. Let us consider X,Y E TM and the associated horizontal vector fields 
X = X^-^ and Y = Y^-^. Then the following equality holds: 

V^7r*y- Vy7r*X-7r*([X,y]) = 0. (2.11) 

Proof: as before we consider the torsion condition in local coordinates where 
the local frame {ej} of FTM commutes, [ei,e,j] = 0. Then symmetry in 
the connection coefficients and the definition of the torsion operator (2.11), 
one obtains that 

Ve,7r*ej- - Ve-.7r*ei - 7r*([ei, ej]) = Ve^ej - Ve-.7r*ei = (r^- - T^J Tr*ek = 0. 
In order to proof the second condition, it is as follows, 

Vy^j,^7r*Y := 7r*ekW^{V{ei) = 7r*ekT%dx''{V{ei)) = TT*ekT%dx\^) = O.D 
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The curvature endomorphisms associated with the connection w are deter- 
mined by the covariant exterior differential of the connection 1-forms {i^j}, 

n) := dw] - Wj Awi, i,j,k = 1, ...,n. (2.12) 

In local coordinates, these curvature endomorphisms are decomposed in the 
following way: 

n] = \R],idx' A dx^ + P;,idx' A ^ + \q]J-^ a ^. (2.13) 

The quantities R^jj^i, Pjj^i and are called the hh, hv, and vv-curvature 
tensor components of the Chern connection. In particular, for the Chern 
connections it holds that the last component is identically zero Q = ([2]) 
for arbitrary Finsler structures. 

Other example of a linear connection that is important in Finsler geom- 
etry is Cartan's connection. Cartan's connection is complete metric com- 
patible, but have non-trivial torsion ([12]). The relation between the Cartan 
connection 1-forms (wc)f in relation with the Chern connection ojf 1-forms 
are given by ([2]): 

(iJc)- = u;- + A^j^, i,j,k = 1, ...n. 

We should mention that our results of Section 3 and the main results of 
Section 4 are generally valid for any linear connection on 7r*TM. 
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3 The Riemannian averaged metric from a Finsler 
structure 



Let us consider the vector bundle FM of the smooth sections of tensor fields 
over M and 7r*rM, the pull-back bundle by the projection tt : FM — > M. 
In this section we introduce the measure used in the average of operators 
acting on sections of 7r*FM. Secondly, we prove the existence of a Rieman- 
nian structure (M, h) associated in a natural way with the Finsler structure 
(M, F). This is achieved through an "averaged" of the fundamental tensor 
g associated with Finsler structure (M,F). An alternative derivation of the 
Riemannian metric h is presented, this time changing the manifold where 
it is averaged. In addition, a geometric formula for h in terms of canonical 
projections is given. 

3.1 First derivation of the metric h 

Let (x, U) be a local coordinate system on the base manifold M and {x,y) 
be the induced local coordinate system on the tangent bundle TM. The 
n-form dP'y € A"T^M is defined in local coordinates as 

cTy = ^detg{x,y)dy^ A • • • A dy". (3.1) 

detg{x,y) is the determinant of the fundamental matrix gij(x,y). This n- 
form is invariant under local coordinate changes induced from local 
coordinate chang cs in T^jlVE on the manifold IVE ([2]). Let us denote by 
dxiy) = gix,y)- Then the pair (T^^M \ {O},^^:) is a Riemannian structure 
and the volume form (3.1) induces a diffeomorphic invariant volume form in 
T^M. \ {0} that it is used in the average operation. 

Definition 3.1 Let us consider the local coordinate system {x,y,\J) o/TM. 
The volume form for the manifold T-^M \ {0} is defined to be the n-form 
d^y. 

An immediate generalization of the notion of indicatrix ([2]) motivates the 
following notation: 

Definition 3.2 Let (M, F) be a Finsler structure. The sub-manifold 

Ix := {y e T^M I F(x, y) = 1} c T^M 
is the indicatrix over the point a; G M. 
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It is a compact and strictly convex sub-manifold of T^jM ([2]). Consider the 
metric g on induced from (TxM\{0}, through an isometric embedding. 
Then the pair (Ix,^) is a Riemannian manifold. 

Proposition 3.3 ([2]) The induced volume form on the Riemannian man- 
ifold (Ix^g) is given by 

n 

dvol := ^/detg ^{-ly^^yUy^ A ■ ■ ■ A dy^ A ■ ■ ■ A dy'\ (3.2) 

where the monomial dy^ does not appear in the corresponding term of the 
sum and with y G Tj;M subjected to the constrain F{x,y) = 1. 

This is just the restriction of the n-form (3.1) to the sub-manifold (M,Ij;). 
By definition the volume function vol{Ix) is defined by: 

vol{Ix) = / ip{x,y)dvol. (3-3) 

The natural definition ijj{x, y) = 1 provides us a natural notion of Finslerian 
Volume. 

Definition 3.4 Let (M, F) be a Finsler structure. A family of sub-manifolds 
A := {Ax C N, a; G M} is called an invariant set of sub-manifolds if it 
invariant under horizontal parallel transport using the non-linear connec- 
tion. An invariant measure is a pair {tp, A) composed by a positive function 
: N — > R with zero horizontal covariant derivative H{X)'i/j = and a set 
of invariant sub-manifolds A. 

{F,A = {Ix,x G M}) is an invariant measure when the indicatrix Ix is 
considered as a sub-manifold of N. Horizontal invariance is a consequence 
of the definition of the Chcrn connection. 

Let us denote by T{lx) the ring of real, smooth functions over the in- 
dicatrix Ix- Then the averaged operation acting on this ring is defined as 



Definition 3.5 Let (M, F) be a Finsler structure. Let f G •^i^x) ^ 

real, smooth function defined on the indicatrix Ix and {tp, A) the invariant 
measure defined above. We define the averaged of f by 

f{x,y) — > uj \ I dvoltp{x,y) f{x,y). (3.4) 

VOl[Lxj Jl^ 
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More explicitly, we perform the following integration of (n — l)-forms to 
define the integral of the function f{x,y) G ^(I^), 



1 r 

<f{x,y)>{x) = ——- / y^i;ix,y){J2y''i-'^f~'dy'/\-/\dy'-U 

V ^/ k=l 

A dy''^^ A • • • A dy") . 

The norm of the measure is given by < 1 >^. Since Ix is compact, we can 
always get a normalized measure dividing the initial measure function ip by 
the volume vol{Ix)- 

We define the Riemannian metric h. First we fix the invariant measure 
by putting tp = F and A = {Ix,x G M}. I^; should be considered as a sub- 
manifold of N. For this invariant measure (-F, A), we denote the averaged 
of the function / G J"N by < / >. 

Definition 3.6 Let (M, F) be a Finsler structure. Let us define the matrix 
components by 

hij{x) :=< gij{x,y) >, Vx G M. (3.5) 

In case of smooth Finsler structures the coefficients {hij, i,j = 1, ..,n} are 
smooth. 

Proposition 3.7 Let (M, be a Finsler structure. Then the coejfi,cients 
hij{x),i,j = l,...,n are the components of a Riemannian metric defined in 
M such that in the local coordinate system {x, U) the metric is 

h{x) = hij dx^ (g) dx^. (3.6) 

Proof: Because the integration of a positive defined, real, symmetric n x n 
matrix is also a positive defined, real symmetric matrix, {hij, i.j = 1, ...,n} 
arc the components of a n x n matrix of this type. Let us consider h(x) = 
hij{x) dx^ ®dx^ , where {dx^ , dx'^} is a basis for T*M. We must check the 
tensorial character of the expression (3.6). It is enough to check the trans- 
formation rule of the coefficients h^ under changes of local coordinates in 
the manifold M. But it is clear from Definition 3.6, from the transformation 
rule of g and the invariance of the norm by coordinates transformations of 
the form x ^ x{x), y'^ ^ y^ = ^ y^ that 

F{x,y) = F{x{x),y{y)), Ix = 9ij{x,y) = -w^^9ik{x,y), 
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being = {y G Tj;M | F{x, y) = 1} These relations implies the transfor- 
mation rule for hij{x) for the metric coefficients: 



□ 



Remark 3.8 A different averaged Riemannian metric was considered in 
reference [7], where the integration was performed using the Haar measure 
of the Holonomy group of the Berwald connection of a Berwald structure. 
However we stress the differences between both procedures: 

1. In order to define our covariant derivative, we do not introduce any 
connection. 

2. On the contrary than in [7], where the construction was performed 
only for Berwald spaces, we define the averaged for a general Finsler 
structure. 

The measure used in the definition of the averaged is natural because it 
only involves the initial Finsler structure (M,F). However, from the same 
Finsler structure (M, F) we can define other different average operations, as 
the following examples show. 

Example 3.9 Another natural Riemannian structure is just obtained with 
a different normalization; with the same notation as before, 

.,,,) = -^(/_,(..„,«,.,,).«oi)..- ,3.7) 

voIe{S'^x) is the Euclidean volume of the standard sphere. Although this 
measure is not normalized to 1 when ipix, y) = 1, in the case of Riemannian 
structures the averaged coincides with the initial metric, 

In the Finsler case, the relation between hg and h is only a conformal factor 
relating the volume of the indicatrix and the Euclidean volume of the tangent 
sphere: 

h (x) - .^^^^h(x) 
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Example 3.10 Any real, analytical and positive function / : R"^ — > 
defines a measure 'd) = f o F and A = {Ix-, x G M}. The averaged gives 
the same rcsTiIt than in the initial metric h, but we have to multiply by the 
metric by a generalized conformal factor; 



hij •■= f ■ F{x,y)gij{x,y)dvoly = f{i,j) / F{x,y) gij{x,y) dvoly. 



It is generalized conformal because the factor f{i,j) depend on the directions 
This is indeed a generalization of the almost-conformal transforma- 
tions. Finally let us note that the main difference with the measure in 
Definition 3. 5 is that the new norm is not invariant by parallel transport of 
the Chern connection. 

Example 3.11 Consider a family A = {A^;, x G M} of invariant compact 
sub-manifolds of N labelled on M such that every A^^ is not homotopic to 
the indicatrix I^. We perform the average on each of these manifolds using 
the volume form (3.2) of the metric g induced from g. The density function 
is ip = CF, being C a real, smooth function over M: 



As in example 3.10, this measure is not invariant. 

3.2 An alternative derivation of the metric h 

In the above sub-section a natural "average" of the fundamental tensor g on 
the indicatrix I^, obtaining the components of the Riemannian metric h at 
the point x. The same metric is obtained when the integration is performed 
in some sub-manifolds of C N of co-dimension 0. We perform this 

calculation in this section. This new deduction is useful for physical appli- 
cations because allowing integration in a non-zero measure domain of the 
tangent space, a mayor freedom is available for physical states([4]). 

Let (M, F) be a Finsler structure and consider the set of sub-manifolds 






(3.8) 



of T^^M: 



L{x, r, R) = {ye T^M | r < F{x, y) < R, r < I < R}. 



The measure function '0(x,y) is defined by 



i;{x,y) = C{x,r,R)F-''{x,y). 
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The function C{x, r, R) defined over M is given by the normahzation condi- 
tion 

/ ryC{x,r,R)F-"{x,y) = l. 

JL{x,r,R) 

{il){x, y), L{x, r, R)} with r and R are positive constants is an invariant mea- 
sure. It is a consequence of the horizontal invariance of the Finsler function 
F by parallel transport defined by the Chern connection {Proposition 4.1). 

Let us introduce Finsler spherical coordinates for the tangent space T^jM 
through the relations 

y^ = p{x,y)f{dk), k = l,...,n-l, j = l,...,n. 

The functions f^{Ok) are polynomial functions on sinO^ and cosOk. p{x,y) 
is the Finsler norm of the vector y at the point x. {/■'{Ok), j = l,...,n} 
have the same form as the ones appearing in the definition of the relation 
of cartesian coordinates and spherical coordinates for S"~^. {9i, ...,6n-i} 
forms a local coordinate system for Ix- This fact is a consequence of the 
existence of spherical coordinates on S"^^ and the positive condition of the 
Finsler structure: because Ix is a strictly convex, oriented sub-manifold of 
T2:M\{0}, we can project every point from 1^ to S"~^ and this projection is 
a diffeomorphism; p is the scale factor of this projection, which is the value 
of the Finsler norm F(x,y) and (^i, ^^-i) are defined as the angular 
coordinates of the projection on the Euclidean sphere. 

The relation between the invariant volume form cPy in local coordinates 
(y^, y") and in spherical coordinates is given through the definition of the 
spherical volume form dO, that is a non-degenerate (n — l)-form defined by 
the formula: 

tTy = ^deigp^'-^dp A dn. (3.9) 

dp is such that dp{en) = 1 for e„ = 'pf^-^- dSl depends on the angular 
coordinates (^i, ^n-i) but not on the radial coordinate p; dQ is the (n— 1)- 
volume form induced from the canonical volume of the Riemannian manifold 
(Ia;M,^) considered as a Riemannian sub-manifold of (N,5jv)- 

We can use spherical Finsler coordinates to calculate the above inte- 
gral; due to the fact that F{x, y) is positive homogeneous of degree 1 in 
the {y^,...,y"^) coordinates, the function C{x,r,R) can be obtained in the 
following way: 

/ C{x,r,R)F-'\x,y)d^y = 

JL(x,r,R) 



dpp"-^C{x,r,R)p-''F~'^{x,e)^/detgdn; e) = F-"(x, y, p(y)). 
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Since F is homogeneous of degree 1 on y the determinant function \/detg is 
homogeneous of degree zero in p and then ^detg = ^detg, 

I I dpp-^C{x,r, R)F-''{x,e)^detgdn = 

— 11 I" 

= — {-^ Y)^{x,r,R) 1 y/det gdn = l 

Therefore the value of the normahzation constant is: 

_X X r 

C(x,r,i?) = — {-^ ^) / y/det^dn. 

From the above calculations it follows that wc can define another Ricmannian 
metric from the initial Finsler structure (M, F) in the following way: 

Definition 3.12 Let (M, he a Finsler structure and let (a;,U) he a local 
coordinate system on M. Then h{x,r,R) is defined in this local coordinate 
system by the set of component functions {hij{x,r, R), i,j = l,...,n} given 
by: 

hij{x,r,R)= / gij{x,y)C{x,r,R)F-''{x,y)d''y 

JL{x,r,R) 

and it is given by the formula 

h{x, r, R) = hij{x, r, R) dx^ (g) dx^ . (3.10) 
Let us calculate the components of the metric (3.10), 

R r 

= -w 1 w ^.o (/ 9^JixJne'^))p-^'F--{x,-^)^dn) Tp- 

R r ^ 

Proposition 3.13 Let (M,F) be a Finsler structure. Then h{x,r,R) is a 
Riemannian metric. 
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Proof: It is analogous to the proof of Proposition 3.7; we check both, the 
tcnsorial character of the metric coefficients and that the matrix coefficients 
have the properties of a Riemannian metric coefficients. □ 

Proposition 3.14 Let (M, F) be a Finsler structure. Then the set of coef- 
ficients {hij{x,r, R), i,j = 1, ...,n} are independent of r and R. 

Proof: The metric coefficients hij{x,r,R) are directly calculated; we note 
the homogeneous dimension in the label p in the integrand: 

1. is homogeneous of degree —n. 

2. d^y is homogeneous of degree n — 1. 

3. gij is homogeneous of degree zero. 

4. dU is independent of p. 

5. detg is homogeneous of degree zero. 
Then a short calculation implies 



hij{x,r,R) = 1 .1 — rj-r^^n I ^ det{g)gij{x,y)F ''{x,y)d''i 

— (xzx) Ji, Vdetgdn JL{x,r,R) 

R r 

This calculation shows that hij{x,r,R) is independent of r and R. □ 
Proposition 3.14 implies that the metrics h{x) and h{x,r,R) are the 
same; if we take the limit r — > 1 and R — > 1 in hij{x,r, R), because the 
coefficients hij{x,r, R) do not depend on {r,R), the limit exists and it is 
equal to the constant value hij{x) defined by eq. 3.5 

Corollary 3.15 Let (M,F) be a Finsler structure and consider the metric 
structures h{x,r, R) andh{R). Then 

h{x,r,R)=h{x), yr<l<ReR-^. (3.11) 

We can check very easily that the Cartan tensor for h{x, r, R) (and therefore 
for h{x)) is zero, in accordance with Deicke's theorem. The partial deriva- 
tives respect the spherical coordinates are zero because these coordinates 
are completely integrated; the derivative in the radial direction p is zero 
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because the integrand is invariant under the global dilatation y — > Ay, im- 
plying that h{x) — > h{x). This imphcs -q^ = 0. Since all the other partial 
derivatives are also zero in these local coordinates in T^M, we can conclude 
that ^jjfc = in a natural coordinate system. 

3.3 A coordinate-free formula for h 

A geometric formula for the metric h described in the above section is 
presented. It is achieved using the canonical projections of the bundle 
7r*r(0'2)M. 

Let us consider the fiber metric, g = gij{x,y)Tr*dx^ Tr*dx^ , 'K*dx^\x = 
dx^\^, ^ G 7r^^(u) and u G 7r~^(x). 

Proposition 3.16 Let (M^F) be a Finsler structure. Then the following 
equation holds, 

Kx) ■= — 7pr\ I dvol'iT2g =< g >, (3.12) 
where g is the fiber metric. 

Proof: For an arbitrary point x G M, h{x) =< gij > dx^\x <8) dx^x, u ^'^x 
and S e TM: 

< '^2{gij{u) dx'\^ (g) dx^ y >u {S, S) = 

=< gij {u)dx^\x dx^x >=< gij{u) >„ dx'^\x ® dx^\x{S, S) = h{x){S,S). 

This equality holds for arbitrary vector fields S G TM. □ 
The proof can be extended to any metric h obtained as an average from 
g. Then the following formula holds: 

h^{x,y) =< 7^2 g >v • 

it Proposition 3.16 is a consequence of the definition of the average < • > 
for general p-forms u € 7r*r(°'^')M. This average is defined by the formula 

<a;>(Xi,...,Xp) = — 1— / dwZ7r2Ua;(7r*Xi,...,7r*Xp). (3.13) 
voLyl-x) Ji^ 

The next result can also be easily proved: 

Proposition 3.17 Let (M,F) be a Finsler structure. Then the following 
properties hold: 
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1. < ■ > is a linear homomorphism between 7r*r(°'^)M and F^'^'^^M. 

2. Denote by gt = tgi + (1 — t)g2 and suppose that < gi >=< g2 >= h. 
Then < gt >= h. 

A similar operation can be constructed acting on tensor fields of arbitrary 
order, producing an homomorphism between 7r*r(*''^)M and r^^'-^^M. 

Remark 3.18 < • > docs not preserve the tensorial product. Suppose two 
Finsler structures (M, Fi) and (M, F2) with fundamental tensors gi and g2- 
Then < 51 52 >7^< 5i > <8) < 52 > due to the mixing produced in the 
definition of the new Finsler function F associated with g. 
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4 Average linear connections, their parallel trans- 
ports and curvature endomorphisms 



In this section a 1-parameter family of linear connections on M are defined 
as "average" of the initial Chern's connection, although the formalism can 
also be extended to any linear connection on the bundle 7r*TM — > N (or on 
the bundles 7r*TM — > SM or 7r*TM — > PTM). They are obtained as a 
generalization of equation 3.12. The averaged connections are affine connec- 
tions on M and are torsion free (in case we average the Chern connection). 
Indeed we will consider 1-parameter families of connections, all them torsion 
free and linear connections on M. 

After this fundamental construction, we obtain the parallel transport and 
the associated curvature endomorphism in terms of the parallel transport 
and the /i/i-curvature of the Chern connection. 

The notation used is the following: 7r*,7ri,7r2 are the canonical projec- 
tions of the pull-back bundle 7r*rM — > N, 7r*rM denotes the fiber over 
M G N of the bundle 7r*rM and r^jM is the set of tensors over x G M, 
being Sx G TjjM a generic element of FjjM. Su denotes the evaluation of 
the section S of the bundle 7r*rM at the point u eN. 

4.1 The average linear connections of V 

Let X be a tangent vector field X along the horizontal path 7 : [0, 1] — > N 
connecting the points u G Ix and v G I^. The parallel transport associated 
with the Chern connection along 7 of a section S G 7r*TM is denoted hy TjS. 
The parallel transport along 7 of the point n G is Tj(u) = 7(1) G 7r~^{z); 
the horizontal lift of a path is defined using the non-linear connection defined 
on the bundle TN — > N. 

Proposition 4.1 (Invariance of the indicatrix by horizontal parallel trans- 
port) Let (M, F) be a Finsler structure, 7 : [0,1] — > N the horizontal lift 
of the path 7 : [0, 1] — > M joining x and z. Then the value of the func- 
tion F{x,y) is invariant. In particular, let us consider Ix (resp (i-z)) is the 
indicatrix over x (resp z). Then T;y(Ia;) = Iz- 

Proof: Let X be the horizontal lift in TN of the tangent vector field X 

along the path 7 C M joining x and z, 81,82 G 7r*(Ta;M). Then corollary 
2.5 implies V ■^g{8i,82) = 2A{X , 81, 82) = because the vector field X is 
horizontal and the Cartan tensor is evaluated in the first argument. There- 
fore the value of the Finslerian norm F{x, y) = \/gij{x,y) y^y^, y G Tj;M, Y 
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with Y = Tr*y is conserved by horizontal parallel transport, 

V^iF\x,y)) = Vjiig{x,y))iY,Y) + 2g{x,V^Y) = 0, 

being X G TN an horizontal vector. The first term is zero because the 
above calculation. The second term is zero because of the definition of 
parallel transport of sections Vj^Y = 0. In particular the indicatrix Ix is 
mapped to because parallel transport is a difFeomorphism. □ 

This proposition implies that the set of sub-manifolds A = {I^ C N, x G M} 
is an invariant set of sub-manifolds and that F(x, y) is invariant by horizon- 
tal parallel transport in 7r*TM — > M using the Chern connection. 

We use the following isomorphisms in the construction of the average 
connection. Let us consider the fiber over v G N 7r*rM and the space 
of tensors over x that is the fiber F^^M; for every tensor Sx G TjjM and 
V G TT~^{z), z G U we consider the homomorphism: 

TTal^ : 7r*rM — ^ T^M, — ^ 

< : r,M 7r:rM, S, ^3,. 
Let S G r7r*TM and S{u) := Su G Tr'^iu). Then, it holds that 

'!r*'!r2\v S{v) = S{u), u,veTT~^{x). (4.1) 

We can proof this expression in the following way: if S{v) G r^7r*rM, 
S{u) G TuTr*rM, we have that in a local frame S{v) = (x) Tr*ej\x and 
respectively S{u) = ^"^ {x) Tr*ej\x- Therefore we can calculate, 

'^2\vS{v) = TT2 (^"^(x) Tr*ej\x) = ^"^{x) ej\x. 

Then 

TrlTr2\vS{v) = TrlC'^{x)ej\x = (x) ir^ejlx = S{u). 

Note that for arbitrary u,v e 7r~^(x) and an arbitrary element Su G 7r*TM, 
in general is not true that 

7r>2 \v- KTM <rM, Su 

because vr*7r2|i,S't. = tt^Sx and it is not the same than Su G 7rf^('u), the 
evaluation of the section S G 7r*TM at the point u. 
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Definition 4.2 Consider the family of operators := {Ay^ : tt^TM — ^ 
vr,* TM} with w G tt~^{x). The average of this family of operators is defined 
to be the operator Ax : T^M — >■ Tj;M with x G M given by the action: 

< > :=< 7r2|„^7r* >„ = — [ T^2\uAu7^ldvol)Sx, 

u G TT-^x), Sx G r^M; (4.2) 

The volume form on dvol is the standard volume form induced from the indi- 
catrix Ix from the Riemannian volume of the Riemannian structure (T-^M — 

We will use the following isomorphisms later (section 6). Let {'d^, w G 
7r^-'^(z), z G U} in the following way. Consider an arbitrary basis of 7r*TM 
{cj^, = 1, n}. In this basis, the fundamental tensor g have an associated 
matrix with components g^^i, and the inverse matrix g~^ have components 
denoted by g^^'^ . The Riemannian metric h has components h^^y and the 
corresponding inverse matrix have components h'^'^ . Using these matrices 
we define the family of isomorphisms: 

■dy, : 7r*TM — > 7r*TM, w G 7r~^(z),z G U. 

e/. 9^,\\w[{^^*h)-^]^Pep,w e Tr'^iz). 
The coefficients [(7r*/i)^^]'^^ep are defined by the following formula: 



{h-^Y^ = vol{lx){{ I g)-y\ 



where we have denoted by ( Jj g^ the matrix with coefficients given by 

'dy, is also linear and indeed it is an endomorphism for every w G 'k~^{z) 
because both matrices g and h are invertible. It will be useful to consider a 
tensor of type (1, 1) associated with {"i^il^}, denoted also by -d. 

We can generalize the •& operator to sections of arbitrary order in the 
following way. Let us consider the basis for sections of 7r*rM obtained from 
{e^, /i = 1, ...,n} by tensorial product {e^^ (g) • • • (g) e^^, /ii, ...,iXp = 1, ...,n}. 
Then we define the generalized -dyj operator, 

: 7r;r(P'°)M 7r;r(P'°)M 
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For covariant tensors we use the same construction; let us consider the dual 
basis formed by {e^^ (g) • • • (g) e^«, fii, ...,fiq = 1, ■•■,«}, then we define the 
generalized t?^ operators by 

7?^ : 7r;r(«'°)M 7r;r(«'°)M 

e"^ ® • • • ^e"" — > i?^Je''i (g) T^^^e''^ • • • ^■d'^^^eP". 

Let / G .T^M be a real, smooth function on the manifold M; tt*/ G 7r*J'TV[ 
is defined in the following way, 

Definition 4.3 Let (M, F) be a Finsler structure, tt{u) = x and consider 
feTM. Then 

</ = /(x), VnG^-i(x). (4.3) 

The definition is consistent because the function vr*/ is constant for every 
V G 7r~^{x): tt*/ = /(x) = tt*/, V?/,v G tt^^{x). Therefore the image is 
the constant value /(x) for every w e 7r~^{x). tt* : T^M. — > 7r*TM is an 
isomorphism between T^jM and 7rj~^(it), Vx G M, u G 7r~^(x). 

Let us denote the horizontal lifting operator in the following way: 

i : TM ^ TN, X = ^X = = .(X), u G 7r-i(x). 

(4.4) 

This homomorphism is injective and the final result is a section of the 
tensor bundle TN. In addition, it defines unambiguously a horizontal tan- 
gent vector X G Hu for every tangent vector X G Ta;M. We will also 
consider the restrictions of this map u G 7r~^(x)} in our calculations, 
such that LuiX) = (iX)„, X G T^M. 

The following proposition is one of the main results of the work. 

Proposition 4.4 Let (M., F) be a Finsler structure and u G ■k~^{x), with 
X G M and let us consider its Chern connection V. Then for each tangent 
field X G Ta;M there is defined on M a covariant derivative Vx determined 
by 

1. yx G TjjM andY G TM the covariant derivative ofY in the direction 
X is given by the following average: 

VxY =< 7r2|„V,„(x)<^ >u, n G la: C tt'^x) C N. (4.5) 

2. For every smooth function f G J^M. the covariant derivative is given 
by the following average: 

Vx/=<7r2UV,„(x)</>«- (4.6) 
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Proof: The consistency of the equation (4.5) can be proved in the following 
way, 

Vx/ =< Vr2UV,^(x)7r*/ >„=< T^2\u'^t^{X)Kf >u = 
= < TT2\utu{X){Tr*f) >u=< 7r2U7r*(X(/)) >„=< Xf >u=Xf. 

We use the constancy on u G 7r~^(a:) for a given x G M and that Chern's 
connection is linear. In particular the second equality is because the defini- 
tion of "dwKfi^) = '^w,v G TT^^iz), V/ G TM. The fourth equality is 
because the definition of the horizontal local basis {^frU, ■•■) ^I^U} i^i terms 
of i = 1, ...,n} and i = 1, ...,n}. 

We check the properties characterizing a linear covariant derivative for 

V. 

1. Vx is a linear application acting on vector sections of TM: 

Vx{Yi + Y2) = VxYi + VxY2 
VxXY = XVxY, 
V Yi, Fa, Y G TM, A G R, X e T^M. (4.7) 
For the first equation, the proof consists in the following calculation: 

Vx{Yi + Y2) =< Tr2\u^,^(x)KiYi + Y2) >=< Tr2\u^,^(^x)<Yi > + 

+ < 7r2\uycu{X)KY2 >v= VxYl + VxY2. 

For the second condition: 

Vx(AF) =< 7r2UV,„(x)7r:(Ay) >„= A < Tr2\u^ ,^(x)KY >= XVxY. 

2. VxY is a ^-linear respect X: 

Vx^+x^Y = Vx^Y + VX2Y, 
Vfx{Y) = f{x)VxY, 
VyGTM,t;G7r-^(z), X, Xi, X2 G T^M, / G JHVI. (4.8) 
To prove the first equation it is enough the following calculation: 

Vxi+X^Y =< '^2\u{^ tu{Xi+X2))KY >v= 
= < 7r2|„V,^(Xi)<^ + < 7r2|nV,^(X2)<^ >= 

= iVx,Y) + {Vx2Y). 
For the second condition the proof is similar. 
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3. The Leibnitz rule holds: 

Vx{fY) = df{X)Y + fVxY, VyeTM, /G^M, X G T,M, 

(4.9) 

where df{X) is the action of the 1-form df G A^M on X G T^M In 
order to prove (4.8) we use the following property: 

7r*{fY) = 7r*f7r:Y, V Y G TM, / G JTVI. 

Then, 

^xifY) =< 7r2UV,4x)vr*(/^) >u=< 7r2\uV ,^^x)KifKY >„= 
=< T^2UV,^^x){Kf)K{Y) >„ + < 7r2U(7r:/)V,„(x)7r:(y) >„= 
=< 7r2|„(t„(X)(7r*/))7r*(F) >„ +/^ < Tr2\u^ ,^(x)K{Y) >u= 

= < {X^f)TT2\u<iY) >u +fx < TT2\v^,^(X)<{Y) >u ■ 

For the first term we perform the following simplification, 
< {Xf)Tr2\uK{Y) >u= (Xf) < Tr2\uK{Y) >„= 

= {Xf){< ttsUtt: >u)Y = {Xf){< K >u)Y. 
Using the basis {e^}, we can write the above expression as 

(< K >u)Y =< g^^Au) >u ((7r*/i)-i)"V^ep = 

= h^A'^){{h)-'y'Y^^ep = Yi'e^ = Y. 
Finally we obtain that 

^x{fY)=VxAf)Y + fVxY = 

= df{X)Y + fVxY. 

□ 

The averaged covariant derivative commutes with contractions: 

Vx[a{Z)] =< TT2\udu'^iu(x)'^*{a{Z)) >„:= Vxi^za) = t^sjx(z)^ + lzV xa. 

The extension of the covariant derivative Vx acting on sections of F'^^-'^^M 
is performed in the usual way, 

VxK{Xi,...,Xs,a\...,a'^) = VxK{Xi,...,Xs,a\...,a'^)- 

30 



s r 

^Y^K{Xi,...,VxXi,...,Xs,a\...,a')+^KiXi,...,X„a\...,Vxa^,...a'). 

i=i j=i 

Prom the proof of Proposition 4.4 one easily recognize that the result can 
be applied to any other linear connection defined in the bundle 7r*TM. 

We denote the affine connection associated with the above covariant 
derivative by V: for every section Y £ TM, VY e T*M (g) TM, x G M is 
given by the action on pairs {X, Y) e T^^M (g) TM, 

V{X,Y)-=^xY. (4.10) 



Let us calculate the torsion of the connection V. At this point it is useful 
to consider as the value of a section of 7r*r(^'-'^)M. Then the torsion is 
given for arbitrary vector fields X,Y e TM by 

T^{X,Y) =< 7r2|„V,4x)< >u Y- < 7r2\uV,^^Y)K >u X - [X,Y] = 

= < 7r2|wV,^(x)< >u y- < T^2\u^CuiY)K >u X 

- < 7r2\uK[X,Y] >= 
=< 7r2U(V,„(x)^*l' - V,„(y)7r*X - 7r*[X, Y]) = 0, 
because the torsion-free condition of the Chern connection (2.10). Therefore, 



Proposition 4.5 Let (M.,F) be a Finsler structure with averaged connection 
V . Then the torsion Ty of the average connection obtained from the Chem 

connection is zero. 

Let us consider the following non-degenerate tensors, 

gt = {l-t)g + th,te[Q,l]. 

gt defines a Finsler structure in M. The associated Chern's connection are 
denoted by V^. Exactly as Proposition 4-4 the following result is proved: 

Theorem 4.6 Let (M, F) be a Finsler manifold and gt = {1 — t)g + th, 
t G [0, 1] . Then the operator 

= ^TTT / ^^UVtt: (4.11) 
is a linear connection on M with null torsion for every t G [0, 1] . 
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4.2 Structural theorems 



In this sub-section we present the relation between the paraUel transport 
and curvature of the averaged connection Vi with the parallel transport 
and the hh-curvature R of the Chern connection. Although we state the 
theorems for the Chern connection, the main results are also valid for any 
linear connection on 7r*TM — > N. Following the discussion of the above 
sub-section, the associated parallel transports of the connection Vi are also 
obtained after an "average" of the parallel transport of the Chern connection. 

The first result relates the parallel transport of the connection V with 
the parallel transport of the Chern connection V. We start considering the 
covariant derivative in terms of parallel transport ([3]); If £^ — > N is a vector 
bundle for a generic parallel transport r along an arbitrary path xt and with 
tangent vector xt G T^N, the covariant derivative of a section S is given by 

Vi,5 = Ihn ^ {rl+'S{xt+5) - S{xt)) . 

Let us apply this formula to the Chern connection and in particular in the 
definition of the connection V, 

VxS =< 7r2U(t) lim ^(r*+^<(,+5)5(xt+5) - Kit)S{xt)) >««), 

with u{t + 5) G 7r~^(x(i + (5)). Interchanging the limit and the average 
operation, 

^xS = lim ^ < Tr2\u{rt^K{t+S)Si^t+s) - <(t)5(xt)) . 

This operation can be done because the integration is performed in Ij,, not 
depending therefore of the limit label 6. The evaluation of the second integral 
provides: 

d 

< '^2\uK{t)S{xt) >u{t)=< ^2|«<(t)S'''(xt)^ >u{t) = 

= S^{xt) < 7r2k<W^ >«(*)= 
Therefore we should consider the expression 

as playing the role of the parallel transport operation for the average con- 
nection V: 
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Theorem 4.7 Let (M, F) be a Finsler structure with associated Chern's 
connection V and with average connection V. Then the parallel transport 
associated with V is given by 

if}+%,S :=< 7r2Ur*+'^<(,+,)5(xt+5) G r,,M. (4.12) 

Proof: It is immediate from the definition of the covariant derivative in 
terms of infinitesimal parahel transport; let us define the section along by 

fS{xt+s) = fl^sS{xt), 

that is the parallel transported value of the section S from the point Xf^s 
to the point xt- Then it follows from the general definition of covariant 
derivative that 

VxifS) = lim]{fi+^Sixt+s) - S{xt)) = 0. 

0— >0 

When this condition is written in local coordinates, it is equivalent to a 
system of ODEs and the result is obtained from uniqueness and existence 
of solutions of ODEs. However, in order to check the consistency of this 
definition, we should check that the composition rule holds: 

~t+S _ ~t+25 _ ~t+2S 

The proof is directly obtained calculating the above composition. This cal- 
culation reveals the reason to take Vi as the average connection if one wants 
to preserve the rule of "average parallel transport as the parallel transport 
of the average connection" for finite paths: 

t+25* _ 1 1 f f _ I t+5 ^ t+25* _ 

□ 

The next result shows the relation between the hh-curvature endomor- 
phisms of the Chern connection V and the curvature endomorphisms of 
the connection V. We use a formula in order to express curvature endomor- 
phisms as an infinitesimal parallel transport ([1]): denote by jt '■ [0, 1] — > M 
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the infinitesimal parallelogram built up from the vectors X,Y E T^jM with 
lengths cqTial to St constructed using parallel transport along the integral 
curves of X, Y, —X, —Y through a short time St. Then for every linear con- 
nection, the curvature endomorphisms are given by the formula 

n{X,Y) = -^\t=o. (4.13) 

It can be written formally like 

/ + 6m{X, Y) = -Td^. (4.14) 

This equation must be understood as an equality modulo second order terms 
in St, disregarding higher order terms on dt in the development of parallel 
transport as a smooth function of 6t. 

Let us denote hy Q. = R := the curvature of V and let us recall the 
hh-curvature of the Chern connection (2.13), 

Theorem 4.8 Let (M,F) be a Finsler structure. Let i{Xi),i{X2) be the 
horizontal lifts in T„N of the linear independent vectors Xi,X2 G T-jjM. 
Then for every section Y G FM, 

R^{Xi,X2)Y =< Tr2Ru{tu{Xi),iu{X2))7:lY >„, u G C tt'^ C N. (4.15) 

Proof based on the definition of the curvature as parallel transport. 

The proof is based on the formula (4.13) for the value of the curvature 
endomorphism in terms of parallel transport and onTheorem 4.7. Let d'j and 
^7 be the infinitesimal parallelogram defined by the vectors Xi,X2 G Tj;M 
and denote the corresponding horizontal lifts Xi and X2 respectively. The 
following relation holds, 

I + dtRx = fd-y, I + StR = dtTdj, 

where Rx is the value of the curvature at x and i?„ the value of the hh- 
curvature at u G 7r~^(a;). Now we perform a short calculation, 

StRd^ = - fdj - I = - < 7^2\uStTd^^7Tl >u -I = 
= - < 7r2U(Td7„ + I)K >=< T^2\uRd%K >u ■ 

□ 
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Since Rd% is by definition Ru{iuiXi), Lu{X2)), equation (4.15) is proved. 
This proof is based on the uniqueness of solutions of ordinary differential 
equations and the conclusion holds for any diffcrcntiablc measure ilj{x,y). 

An Algebraic Proof of Theorem 4-8. Let us assume a local frame, we 
can write the value of the averaged curvature endomorphism as 

Ru{X,Y)Z =< 7r2|uVt^(x)7r*|u- < 7^2^^ tv(Y)'^*\vZ » - 

- < 7I"2|uVt^(y)7r*|„- < TT2\v'^i.^{X)T^*\vZ » - 

- < TT2\u^,^([x,Y])T^*\uZ >, X,Y,Ze TTM. 

Using the relation (4.1) one can reduces the double integral to a single inte- 
gral. For instance, 

< 7i"2UVt^(x)vr*|„- < 7r2|uVt„(y)7r*|^Z >>=< 7r2|uVt^(x)Vt^(y)7r*|„Z > . 

Therefore, 

Ru{X,Y)Z =< 7r2|uVt^(x)Vt^(y)7r*|„Z > - < 7r2|„Vt^(y)Vt^(x)7r*|„Z > - 

- < 7r2UV,„([x,Y])7r*U^ >=< Tr2\uRu{[X,Y])Tr*\uZ >:=< R >^ {X,Y)Z. 

□ 

This proof is based on the special type of distribution function that we 
have selected, that is ip{x,y) = constante on the indicatrix I^- 

Prom this second proof one can think that given two averaged objects, 
if we multiply them, the product of averages is the average of the product. 
However this is not true, as the following example shows. 

Example 4.9 

V < g >=< 7r2|uVt„x7r* < ■K2\v9ij{x,v)TT*e^ (g) ir^e^ » 

7^< TT2\u^iuX9ij{x,u)'!rle' (g) 7r*e-' », 

because the coefficients gij live on and not on M. That makes that 
Vi^gij{x, v) ^ 0. The way it is different than zero is related with the vertical 
parallel transport of the metric, which involves the Cartan tensor. 

In particular, this result means that the averaged connection is in gen- 
eral non-metrizable by the averaged metric structure < g >. Therefore, for 
invariant Cartan tensors under covariant derivative along horizontal direc- 
tions, the metric jg^ is preserved by the averaged covariant derivative of the 
Chern connection < V >. This spaces are Berwald spaces. 
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4.3 New Isometric Invariants 

In the above proofs we didn't use any statement concerning the Chern's 
connection. While the first proof of theorem 4.8 uses in a fundamental way 
existence and uniqueness of solutions of ordinary differential equations, the 
second proof makes use only of linearity and property 4.1. Therefore, it is 
expected that this reduction on the number of integrals happens for similar 
products of averaged operators, although not always it is the case as example 
4.9 shows. 

We can define the averaged hv-curvature. Let us denote the vertical 
lifting oi X = £ T^M by k{X) = X^-^. The averaged hv-curvature 

in the directions (Xi) and (X2) is the endomorphism: 

P,(Xi,X2) :T,M-^T,M 

Y P^{Xi,X2)Y =< 7r2Pu{iu{Xi),KuiX2))TrlY >„, 

u € la; C 7r-^(x) C N. (4.16) 

Proposition 4.10 The averaged hv-curvature operators are given by the 
formal curvature endomorphism: 

P^{Xi,X2)Y =< 7r2|^V,^(Xi)7r*U < t^2\uV k^{X2)<Y » - 

- < 7r2|« V„„(X2)7r* < 7r2|^Vt4Xi) 7r*|„y » - < tt2\v^[,^{Xi),k^{x.2)] ^*\vy > 

Proof: it is formally the same than the proof of theorem 4-8. □ 
Similarly, for the vv-curvature in the case of an arbitrary linear connec- 
tion on 7r*TM, we define the averaged homomorphisms 

Y Q„(Xi,X2)y =< 7r2Qu{Ku{Xi),Ku{X2))TT*Y >„, 

uelxC 7r-^(x) C N, (4.17) 

Proposition 4.11 The averaged vv-curvature operators are given by the 
formal curvature endomorphism: 

Qx{Xl,X2)Y =< 7T2\v'^k4Xi)'^*\v < T^2\u'^ Ku{X2)KY » " 

- < 7r2U V^^(X2)< < T^2\v^Kv(Xi)'^*\vY » - < TT2\v^[K^{Xi),Ky{X2)]T^*\vY > . 

Proof: it is formally the same than the proof of theorem 4-8. □ 
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The averaged endomorphisms (4.16) and (4.17) are living on the manifold 
M. In the case of Ricmannian geometry, they arc both zero. 

There are several notions of isometries in Finslcr geometry. Given two 
Finsler structures (M, i^i) and (M, F2) we say that they are fiber isometric 
iff there is a bundle morphism 

7r*TM — ^ 7r*TM 



N 

that preserves the fiber metric, (p*Tr*g = Tr*g and that is a bundle isomor- 
phism, where (t>*iT*g is the pull-back of the fiber metric. A base Finsler 
isometry is a map $ : M — > M such that preserves the Finsler function, 
F2{x,y) = (j}o Fi{x,y). The second statement is equivalent to the preserva- 
tion of a norm by a diflFeomorphism of the base manifold. 

Cartan and Chern connections are invariant under base manifold Finsler 
isometries, because the connections are defined in terms of F and its deriva- 
tives. This implies that, if the measure used in the definition of the averaged 
is invariant as well, then P(Xi, X2) and Q{Xi, X2). They are new invariants, 
living on the manifold M. 

This fact can be used to define new global invariants on manifolds. This 
invariants are basically defined as 

1= [ diiHQ,P,F,9)\ (4.18) 

JM. 

!F{Q, P, F, g) is a scalar function and the volume form djj, is the volume form 
associated to the averaged metric < g >. Therefore the integral is invariant 
under the intersection of the group of global fiber isometries and the group 
of global base isometries. 

Additionally, the averaged curvatures P and Q could be interesting in some 
applications in Physics, specially in gauge theory. A natural generalization 
of the notion of field refers to the case where the fields do not leave on 
the space-time manifold but on the indicatrix or a sphere bundle. In this 
case, the averaged description could be promoted as a phenomenological 
description. In this case, the symmetries of the more fundamental theory 
must constrain the averaged variables. 
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4.4 Relation between the Holonomy representation of V and 
V 

Since the averaging operation produces a homomorphism between the set of 
parallel transports induced by V and by V, there is an induced homomor- 
phism between holonomy groups: 

< • >:Hol{V) — > Hol{V). 

T^TT* S >< 7r2Tj'7T*S >, 

G Hol{V). (4.19) 
This homomorphism holds for any linear connection on 7r*TM. 

Proposition 4.12 Prom homomorphism 4.19 , we have that HoliV) D HoliV). 

The homomorphism (4.19) is continuous because the operations involved 
are all continuous. Therefore we have the following 

Proposition 4.13 Let (M, F) he a Finsler structure with compact holon- 
omy group Hol{V). Then the averaged connection has compact holonomy 
group Hol{V). 

Proof: Since the homomorphism < ■ > : Hol{V) — > Hol{\/) is continuous 

and Hol{SJ) compact, < Hol{V) >:= {< t > t £ Hol{\/)} is also compact. 
However, given a loop 7 C M, the average holonomy element associated is 
f-y =< 7r2T^„7r* >, where 7„ is the horizontal lift of 7 starting at u. Therefore 
Holiy) =< Hol{V) >. This implies that Hol{V) is compact, since all the 
operations involved are contimious. □ 
The important point is that there is a classification of irreducible torsion 
free affine holonomies ( [20] ) . Even if in this general frame- work there is not 
a general de Rham decomposition theorem, the classification of holonomies 
is important in the clarification of some problems in Finsler Geometry. 
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5 Metric compatible with averaged connection and 
application to geodesic equivalence in Berwald 
manifolds 

It is interesting to consider when the averaged connection of the Chern con- 
nection is Riemann metrizable, that is, when there is a Riemannian metric 
h such that V = V'*. In this direction we obtain the following result, 

Proposition 5.1 Let (M, F) be a Finsler structure. Then the averaged 
connection V of the Chern connection V is a metric irreducible connection 
iff the Holonomy group Hol{V) is a Berger group. 

Proof: Suppose that V is metrizable. Then exist a Riemanian metric such 
that V = V'', that is, the Levi-Civita connection of h. Since the torsion 
Ty = 0, it implies V is a Riemannian connection and therefore in the case 
of irreducible metrics, the holonomy group V is a Berger group. 

Conversely, let us suppose that Hol{V) is an irreducible Berger group. 
Then it is compact. Then we can define the operation: 

/ dr; r € Hol{V). 

dr is an invariant Haar measure in Holiy). In particular we can use the 
Szabo construction in [8] to define the following scalar product in Tj;M: 

h^{X,Y)= I {t * X,T*Y)* dT- X,yGT^M. (5.1) 

JHol{V) 

(, )* is an arbitrary scalar product on T^M. One extends this scalar product 
to the whole manifold using the holonomy group, defining a Riemannian 
metric h that is conserved by V. □ 
There is a similar result for the averaged of the Cartan connection, al- 
though since it has in general torsion, it is Riemann metrizable but is not 
the Levi-Civita connection of a Riemannian metric. 

It is natural to ask for the relation between the averaged metric h :=< 
g > and the metric (5.1) h. In order to clarify partially this point, let us 
consider the Szabo construction but using as initial scalar product at Ta;M 
the one defined by the Riemannian metric h, hx{X,Y) := h{x){X,Y). We 
use geodesic rigidity to obtain a partial answer: 



39 



Definition 5.2 Two Riemannian metrics h and h living on the manifold 
M with dim(M) > 2 are geodesically equivalent if their of un-parameterized 

geodesies coincide. 

The manifold M is called geodesically rigid if every two geodesically equiv- 
alent metrics are proportional. 

The work of Matveev contains the solution for geodesically rigidity in Rie- 
mannian manifolds (see for instance ref. [13], [14] and [16]). 

Theorem 5.3 Let (M, F) he a Finsler structure such that M is Riem,a,nnia,n 
geodesically rigid, with the function volijx) is constant and Hol{V) is a 
Berger group. Then h = Ch. 

In particular, for hyperbolic manifolds, being Riemannian geodesically rigid, 
one obtains 

Corollary 5.4 Let (M, F) be a Finsler structure such that M is a closed 
manifold and such that h is an hyperbolic metric with vol(Ix) constant and 
such that Hol{V) is a Berger group. Then h = Ch. 

One has to find examples where above corollary is applicable. Consider the 
category of Berwald spaces ([2]), 

Definition 5.5 A Finsler structure (M, F) is a Berwald space if there is 
a coordinate system where the coefficients of the Chem connection only de- 
pends on the manifold M. 

For a Berwald space the volume function vol{lx) is constant and the Holon- 

omy group Hol{SJ) is compact too. The the averaged Holonomy group 
Holiy) is also compact and is a Berger group. Therefore it is a direct 
consequence from a theorem of Matveev ([16]), 

Corollary 5.6 Let (M, F) he a Berwald structure such that M admits an 
hyperbolic Riemannian metric. Then h = h and Vh = 0. 

In Finsler geometry, the metric is in general not reversible. Therefore it has 
sense the notion of geodesic reversibility. Consider the following piece-wise 
differentiable curve 7 U /? where 7(5), s G [0, sq] is a geodesic of the Chern 
connection and /3 is a geodesic but that start at the end of 7 and has reverted 
initial vector. Let us close with another curve that is simple A the above 
curve. We call it closed almost-geodesic triangle. 
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Definition 5.7 We say that the structure (M, F) is geodesically reversible 
if every almost-geodesic triangle is retractible. Otherwise is geodesic irre- 
versible. 

Examples of geodesically reversible structure are Riemannian manifolds and 
reversible Finsler manifolds. A non-trivial example is provided by Berwald 
structures. Since the averaged connection of the Chern or Cartan connection 
are coincide in the Berwald category and they are metric-free and they live 
on M, 

Proposition 5.8 Let M, F) be a Berwald structure. Then, 

1. It is geodesically rigid if the Szabo metric is Riemannian geodesically 
equivalent. In this case, there is a Riemannian metric with the same 
geodesies. 

2. It is geodesically reversible. 

A similar result is obtained by Matveev {theorem 1 of [17]). 
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6 Bonnet-Gauss Theorem for Berwald Spaces 

There is considerable literature on the problem to obtain a close generaliza- 
tion of the classical Gauss-Bonnet theorem in Finsler geometry ([18]). The 
original theorem can be stated in several ways. Here we obtain a generaliza- 
tion to the case of Berwald spaces such that: 

1. It reduces to in the Riemannian case to the standard Gauss-Bonnet- 
Chern theorem. 

2. It is obtained using a homotopy from the Riemannian case. Therefore 
the topological content is the same. 

The Riemannian theorem that we want to generalize is ([19]). First let us 
define the following ra-form, for a 2n-manifold, 

O = (-1)" ^ 22"7r"n!^*^""'^"^^^*^ ^ "' ^ ^*2n-lj2n- 

Then, the formula of Gauss-Bonnet in the n-dimensional case is 

/ J^ = K(M), 
Jm 

being H(M) the Euler-characteristic of the manifold. 

For a Berwald manifold, we introduce the following n-form, 

•■= E ^iMn9ijMi) • • • gljjun) 'n^^ivi) A • • • A *^:"-H^n). 

In this product, each of the endomorphism *r2]^(ui) is an horizontal endo- 
morphism and it is constructed from the metric of gt- For Berwald spaces, 
the endomorphism side does not depend on the vectors v, therefore 

Then, the average of the product is the product of the averaged, using a 
invariant measure: 

Then we can define a 1-parameter family of integrals, 

/ <nt>. 

Jm 
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The claim is that for each of these integrands, there is a Riemannian metric 
such that it corresponds to the total curvature of each of the metrics. This 
is true for Berwald metrics. If it is not true, we can take out the non- 
Riemannian part, 

:= — {not Riemannian part}. 
And therefore, we can put formally the expression 

nt := nt - Uf 

Therefore one can write 

[ nt= I - = ^^(M). 

Jm JbfM 

This is our general Gauss-Bonnet Chern formula. In the case of geodesically 
rigid manifolds, we can say more. For instance. 

Theorem 6.1 Let (M, F) a Berwald structure such that and M admits 
an hyperbolic, closed Riemannian metric. Consider a vector field F on M 
with isolate singularities. Let us consider the induced pull-back function V* . 
Then, 

K(M) = / V*K{h,V). (6.1) 

It is clear that the requirement to be hyperbolic and closed is in this contest 
technical. It is possible to obtain similar statements under other geodesically 
rigidity conditions. 
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7 On a Rigidity Theorem for Landsberg Spaces 



In this section, given an arbitrary Finsler structure (M, F) we calculate 
the Christoffel symbols for the Levi-Civita connection V'^ of the averaged 
Riemannian metric h. 

We apply the general formula for the value of the coefRcicnts of the Levi- 
Civita connection of h when the initial Finsler structure (M, F) is a Lands- 
berg space. We take as definition of Landsberg space the following, 

Definition 7.1 A Finsler structure (M, is a Landsberg space if the hv- 
curvature P is such that P-jf^ = 0, in a basis where e„ = ([y], j^)- 

Every Berwald space or a locally Minkowski space is a Landsberg space. 
The converse, the possible existence of Landsberg spaces that are not Berwald 
or locally Minkowski is still an openproblem in Finsler geometry. 

An application of the formula for the Levi-Civita connection coefficients 
of the averaged metric h to the case of Landsberg spaces implies the following 
rigidity result. First we introduce the Riemannian sphere S"(x) := {y G 
Tj;M; h{x, y) = 1}. Then the theorem is stated in the following way. 

Theorem 7.2 Given a Landsberg space (M, F) such that: 

1. F^ is on N, 

2. The spheres (S^j;,^) are all isometric, G M, 

3. F'^{x, y, t) / y, 0) for the intermediate Finsler structures (M, Ft) 
with t G [0,1]. 

Then the Landsberg structure (M, F) is a Berwald or a locally Minkowski 
space. 

We remark that Theorem 7.2 is obtained using a "philosophy" based on a 
property we call convex invariancc: not only (M, F) but all the interme- 
diate structures (M, being the Finsler function corresponding to the 
fundamental tensor gt, have the same Riemannian average (M, h). This fact 
together with the invariance under translations in the parameter t of some 
properties of the initial Finsler structure are essential in the proof of rigidity 
results like the one presented in this section. 
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7.1 The coefficients of the Levi-Civita connection V'* 

We should calculate the following ChristofFel symbols: 

The definition of the metric coefficients hij we use is: 

Therefore we should make the following type of calculations: 

A dy''^^ A • • • A dy"^^ = 

The first derivative is basically calculated in [9] (a different notion of the 
tensor Cartan is used in this context: instead of ours, the Cartan tensor used 
in [9] is completely horizontal). The Cartan tensor has horizontal covariant 
derivative along ^ denoted by A^jj^^g. One of these components have an 
special importance in Finsler theory; we choose an orthonormal frame of the 
fiber 7^2^ {u) C 7r*TM such that e„ = ^t^*-^- Then let us denote by 

A-ijk := ^ij/cln 

and also we introduce 

where the matrix was used in raising indices. 
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Theorem 7.3 (Bao-Shen, [9]) Let (M, F) be a Finsler manifold and con- 
sider the volume function of the unit tangent spheres vol{Ix)- Then for any 
vector field If on M the following formula holds: 

6'^ = -/ (7.2) 



In particular: 

tr A = Q =^ vol{lx) is constant. (7-3) 
Therefore in our calculation we obtain: 

dxiKvoldx)) VO^lx) dx' VOPilx) J^l^,g)^^ 'dx^'' 

and by the definition of the average < • > of functions, 

^ ' ' ' ' <5(tri A)>. (7.4) 



dx"^ \vol(Lx) ' vol^Ix) dx 
Next, we should calculate the following partial derivative: 

■(/ 

f^olil , ^'.(- + ^i^^^y^^s^^^det~g{x + ^^^.^V.-^s^) d^v^.s^ 



_d_ 

dx^ 



~ 9ij{x,yx) Vdet{g) dQy^y 



^x+S-^ is the indicatrix in the point z with coordinates z'^ = x^ + 5 5^'^. 

The problem is to evaluate the first integral in the above limit. In partic- 
ular, the integration domain depends of the point of the manifold where 
we are calculating the partial derivative. We can use the following approach: 
since the integrand is invariant under positive scaling y Ay, A G R"*", we 
can transform by homotopy the integrals on the indicatrix to the Euclidean 
sphere (for a generic point z G M): 

/ 9lj{z,yz)Vdet{g)dny^ = [ jac{^^) gij{z,yz) ^fdet{^ d^y^. 

(7.5) 
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The second integral corresponds to the integration of the function ( jac( -^i-) 



gij{z,yz) det{g)) in the Euchdean sphere S"^ with the Euchdean volume 
dQ.y^. Since the Euclidean spheres are isometric, we obtain making use of 
this isometry the following relation: 

/ , - ^ 9lj{z, Vz) V det{g) d^y^ = 

= / j(^c{—^) gij{x,y:c)Vdet{^dny^. (7.6) 

This can be shown in the following way. For any homogeneous function g of 
degree zero in y, the following condition holds: 

/ 9{x,y^,g^iyx)) - g{x,yx)) =0. 

Developing y{y) = y + 5R],y^^, we note that being an isometry of the 
sphere and also preserving the orientation, R G SO(n). Then the difference 
between the integrals is given by: 



iVx)- 



We can make disappear the rotation, just making the inverse transformation 
because the transformed function g is also homogeneous (it is just a linear 
combination of the original ones). Then the second integral is 



Js". oy' 7s". dy 



because the radial derivative of a homogeneous function of degree zero is 
zero. 

If the point z has coordinates z'^ = x'^+S 5'^^ and developing the integrand 
up to second order in 5 around x: 

/ ^^^ia^) ^ ~ ,9lj{x,yx)Vdet{g)dny^ = 
JS"^ X (x,yx) 

= / j(^c{—^) glj{x,yx)^/det{^dny^ + 
JS"x X (x,yx) 

f d / dl \ 

+ / '^i\x[ ^^^i:^) , - s9ij{x,yx) Vdet{g)) dCly^ + Ordi6^). 
JS'^x ^ K^^yx) ' 
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The partial derivative of the integral is: 



Therefore the derivative of the metric components hij 

dhij 



+ 



dx^ vol{ 
1 / /• 9 



+ 



jac( 



) , - , 9lj{x, Vx) Vdet{gU d^y) 



vol(lx) V Js^x 



vol{^ 



VOl{lx 



+ 



llx)(li ^ ( ) ^^^^ ^^^0 + 



Recalling the definitions of -df and 'yfj, we also define the following coeffi- 
cients: 

{Vvoll,)%:=\ f {5]g{trA,^) + 5^g{trA, 



-hijh^^ g{trA, ) y/g d^y, 



d 



1 

+1^ 



dx^ 



2Vysn dx^ 



^9? 



^Jdet{g) dQ.y^ 



+ 



2 V /sn ax^' 



91. 



and also 



(Zoff^diiM)',- ■■=\{j ^'^-^.{log^) Vd^dUy^ + 
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- / hij /i^' {log^g) Vdetig) dfty^ . 
With this notation, we have the following 

Proposition 7.4 Let (M, F) he a Finsler structure and consider the aver- 
age Riemannian structure (M.,h). Then the coefficients of the Levi-Civita 
connection h are given by the formula 



r^^=< {Vvol{I,))^^+^fjij + {log^d^)1^+ iac(^) 



91. 



>, i,j,k = 1, ...,n. 
(7.7) 



7.2 Proof of Theorem 7.2 

In this sub-section we prove Theorem 7.2. However we need some additional 
results in the proof. 

Corollary 7.5 For a Landsberg space (M, F) the function vol{Ix) is con- 
stant in M. 

Proof: It is based on the fact that for Landsberg spaces tr{A) = and 
therefore it is a direct consequence of proposition 7.4. D 

Theorem 7.6 ([10]) For a Landsberg space {Ix,gx) — {^z,9z),^x, z G M. 

Corollary 7.7 For a Landsberg space (M, i*") there is a transformation (f> : 



Sn 



Iz such that the jacobian 



is constant in M, Vx, z G M. 



Proof: It is a direct calculation; since the Euclidean Spheres are isometric, 
1 and the indicatrices are isometric Riemannian spaces. 



iac(^ 



then 
result: 



jac(^) = 1. Therefore using this isometry, one obtains the following 



'dlx 



□ 



Corollary 7.8 For a Landsberg space (M, F) the function y/detg is con- 
stant on the manifold M. 
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Proof: Let us call the isomorphism between indicatrices of a Landsberg 
space by : I^: — > 1^. Because of this isometry, we obtain: 

Consider the value gx{^,v) = gij{x,£,)v^v'^ and in particular for ^* = = 
in the corresponding coordinates induced from normal coordinates in M. 
Then ^^(y, y) = g^iy) = g{z, and the result follows. □ 

Proposition 7.9 For a Landsberg space (M, F) the coefficients of the Levi- 
Civita connection are: 



4w 



Proof: It is a direct consequence of Lemma 7. 5 and Corollaries 7. 7, 7. 8 and 
equation 7.7. □ 

We recall that given a Finsler structure with a fundamental tensor g, 
there is associated a set of Finsler structures with fundamental tensor gt = 
(1 — t)g + th, t G [0, 1], corresponding to the interpolating Finsler structures 
{M,Ft). 

Lemma 7.10 Let (M, F) be a Landsberg space such that the spheres (S"^;, F) 
are also isometric Vx G M. Then for the interpolating structures (M, Ft), t G 



[0, 1] the Jacobians jac(^^) 



are constant. 



Proof: Let us consider a dilatation transforming the sphere S"^ to the 
indicatrix I{t)x. 

Vs — ^ /.^ , , Vs = at{x,ys)ys- 

^y{l-t)F^{x,ys) +t 

This transformation can be related with the homotopy transforming S"^ 
onto aoix,ys): 

crtix,ys)ys = I ^ cro{x,ys)ys = <i){t,x,ys)ao{x,ys)ys- 

4>{t,x,ys) is invariant by the isometrics from the spheres S"a; because by a 
similar argument than in Corollary 7. 8 here {t) is also constant under the 
isometrics from (S"a;,5) to (S"^,^). Using Corollary 7.7, the Jacobian of 
the transformation S"^ — > ^{t)x is also constant in M. □ 



50 



Corollary 7.11 Let (M.,F) be a Landsberg space such that the Riemannian 
manifolds {S"z,gz), G M are isometric Vx G M. Then for the intermediate 
spaces (M^Ft) the coefficients of the Levi-Civita connection ofV^ are: 



vol{lx) J I, 




-X 



(7.9) 



In particular there is a local coordinate system where 



vol{Ix) h, 



1{t)iUt) = Q. 



(7.10) 



Proof: Because the metric h is the same for ah the structures (M, F^), the 
Levi-Civita connection is also the same for all t G [0, 1] and then T^- (0) = 
rf,(l) = rf,(i)- Since it is a linear, torsion free connection there is a local 
coordinate system in M such that at the point x the coefficients of the con- 
nection are zero. In addition, we are under the same hypothesis that in the 
proof of the equation (7.8), because although the intermediate Finslcr struc- 
tures (M,Ff) are not necessarily Landsberg, the intermediate jacobian are 
constant (by the Lemma 7.10), the volume functions vol(I{t)x) are constant 
and the determinant of the induced metrics det{g{t)) are also constant in 
M; the isometry in the spheres (S"^,^^) implies the last two results. Since 
the intermediate structures define the corresponding Chcrn's connections 
of a Finsler structure, there is a local coordinate system on M such that 
equations 7.9 axid 7. 10 hold. □ 

Proof of Theorem 7.2 

The proof consists to show that the integrand in equation 7.10 is zero. 

Consider a point y G T^^M such that FtQ(x,y) = 1, to G [0,1]. At 
this point, the projection on I(to) is surrounded by indicatrizes, because 
locally the set of indicatrizes {I(t), t G (to — ^,to + e)} is a local foliation 
on the manifold Ta,.M, due to the condition F'^{t) ^ F^(0). We perform by 
dilatation, a local "up" deformation (dilatation of module > 1) and a local 
down deformation (dilatation of module < 1) such that both enclose the 
point y G Ix(io)- Then we have the condition: 



Pi are the jacobian coming from the dilatation transformations. Let us con- 
sider the function k = p^f{t)jlj{t). Using Stokes theorem, (we can use it 
because the initial Finsler structure is C^) and denoting hj N = Ki U K2 



= 



/ pi^)titH^{t) - [ P2^\{tH^{t) 
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and by int{N) the "solid" manifold enclosing y such that the frontier is 
d{int{N)) = N, one obtains 



f f 

Jn Jint(N) 



int(N) 

where dyK is the exterior differential of the (n — l)-form ndvolg. Using the 
average mean value theorem for multiples integrals, 

lim dyK{y^) = dyn{y) = 0, y G lx{to)- 

vol(int(N) ^)-^0 

Let us consider in detail this condition in the case linij- ,i- dyK{y) = 0. 

The weak limit exist in t = 1 and it is null. But at t = 1 the Christoffel 
symbols in some local coordinate system of M are 7^^- = Ffj = 0, because 
the structure is Riemannian. Then lirrif ,1- dyK{y) = 0. 

The exterior derivative condition dyK{y) = is 

= dyK{y) = ^ ^dy^ ( ^)y\-l)''-'dy' A - A d/"^ A ■■■Ady^) = 

The condition X^s^^^ = is equivalent to say that k does not de- 
pend on t because t labels the radial foliation, that is, locally t = p + po. 
Therefore the constant value 7,^(0) = holds because 7j^(l) = 0. Since 
the coefficients jfj are homogeneous functions, there is a coordinate system 
where jfj{x,y,0) = at a; for almost all y G lx(0) . Again, since the struc- 
ture is enough differentiable, 7*j(a;,y, 0) = in all la;(0). But this implies 
that the structure (M, F) is Berwald or locally Minkowski. □ 

Theorem 7. 2 does not solves the problem if there are Landsberg spaces that 
are non Berwald, because for instance, the condition F'^{x, y, t) 7^ y, 0) 

does not hold in general. One example is the following construction. Con- 
sider the set C R^, xq G F^, being a closed surface, defined by: 

(yi,y2) := {cos(l),sin4>), G [0, -] U [^'^^l! 



52 



(yi,j/2) :=e('^ 2)*(<^ '2")' (cos0, sine/*), (/'G[|,y]- 

One can check that it is a strictly convex body because the factor e'-'^" 2 ) ('^~^) 
only has one extremal point at = ^, vr, ^ in the interval Suppose 
we promote this set as the indicatrix at the point xq. Let us also consider 
defined in the manifold M a Riemannian metric h. Using this Riemannian 
structure, we extend the indicatrix from xq to the whole manifold M by par- 
allel translation, defining a set of indicatrix {Ix, x € M}. This immediately 
defines a Finsler structure in M such that it has constant volume function 
vol{Ix) and is not Riemannian and not locally Minkowski such that it is not 
applicable Theorem 7.2 (because Ft = F),'^t e [0, 1]. 
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8 Conclusion: the notion of convex invariance in 
Finsler Geometry 



The average operation is not injective. Prom Proposition 3.17, any convex 
sum of fundamental tensors such that have the same average, produce the 
same average. In addition, the average metric h is invariant under average: 

< h >= h. Also any Riemannian structure is invariant, < h >= h. We 
can give some reasons to introduce this notion as a capital notion in our 
approach to Finsler geometry: 

1. Invariance of the average metric: < gt >= h. 

2. Invariance of the formula for the connection coefficients of the average 
connection F^ j,,, Corollary 6.11. 

3. Some proofs, like for instance Theorem 7.2 are based on this property, 
convex invariance. 

4. Topological properties are also convex invariant, because they do not 
depend intrinsically of the metric structure. 

5. The physical motivation of convex invariance was to obtain a geomet- 
ric version of deterministic models at the Planck scale. A dissipative 
dynamics seems one of the main ingredients for these models ([5], [6]). 
We introduced this dissipation through the evolution towards the Rie- 
mannian structure of an initial non-symmetric structure (ref. [4] and 
for a more elaborate work see reference [11]). 

These examples motivate the following definition: 

Definition 8.1 Let {(M, i^t), t G [0,1]} be the interpolating Finsler struc- 
tures and define the induced homotopy transformation (f){t) : 7r*rM — >■ 

vr * FM in the following way: for any section S constructed on Ft, we as- 
sociate the value St G 7r*FM. A convex invariant property is such that it 
is invariant under this homotopy. Strong invariance is invariance for any 
t G [0, 1]; weak invariance only for the values {t = 0, 1}. 

One example of weak invariance is that the initial structure (M, F) can 
be a Landsberg structure, the intermediate (M, F^), t G]0, 1[ can be not 
a Landsberg structure and the final structure (M,Fi) is again Landsberg 
(indeed it is Riemannian) . One example of strong invariance is provided by 
the first example considered above. 
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Our idea is that convex invariance can be turned a method in the study of 
Finsler geometry. One can try to ask if a property is convex invariant or not. 
This point of view provides a method to generaHze Riemannian theorems in 

the Finsler setting: 

1. One can formulate a Riemannian theorem in a convex invariant way 
and then it is immediately valid in the Finsler category. This is based 
in the strong version of convex invariance. 

2. Weak convex invariance is more complicated, requiring to understand 
the homotopy (f){t) in more complex cases. 

3. The last step in this program is to understand the difference between 
Finsler and Riemannian geometry using convex invariance, or better 
non-convex invariance: we could associate the differences with non- 
convex invariant properties. 

Convex invariance can also be used in the following way. Let us consider 
a property that holds in the Riemannian category. Then we define by ho- 
motopy a related property in the Finsler category that is reduced to the 
Riemannian case. This generalization can be considered as a proper gener- 
alization. 
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